Abstract. The aim of this paper is to provide a necessary and sufficient condition for the existence of a common fixed point of three maps /, g and T in a complete fuzzy metric space under a general contractive condition. A common fixed point theorem for a pair of weakly biased mappings, which is more general than weakly compatible mappings is also proved.
Introduction and preliminaries
The evolution of fuzzy mathematics commenced with an introduction of the notion of fuzzy sets by Zadeh [18] in 1965, as a new way to represent vagueness in every day life. The concept of a fuzzy metric space has been introduced and generalized in many ways ( [2] , [10] ). Moreover George and Veeramani ( [4] , [5] ) modified the concept of a fuzzy metric space introduced by Kramosil and Michalek [9] . They obtained a HausdorfF topology for this kind of fuzzy metric space which has applications in quantum particle physics, particularly in connection with both string and e°° theory (see, [3] and references mentioned therein). Many authors have proved fixed point and common fixed point theorems in fuzzy metric spaces ( [1] , [11] , [13] , [15] , [17] ). In particular Pfeffer [14] proves that any involution r of a circle S has a fixed point iff there exists a free involution r) of S which commutes with r. This result shows an interdependence between commuting mappings and fixed point concepts. Jungck ([7] , [8] ) further highlighted this interdependence in a more general context. This paper deals with necessary and sufficient conditions for a common fixed point of three self maps /, g and T, in which the pair {/, T} is compatible and {g,T} is weakly compatible. In [12] we assumed for each /x G (0,1), there exists A e (0,1) (which does not depend on n) such that We will make some remarks concerning (1.3) later. We assume that a fuzzy metric space (X, M, *) satisfies conditions (1.1) throughout this paper.
A sequence {xn} in X converges to x ( for all n > no-A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete. George and Veeramani [4] showed that a sequence {xn} in a fuzzy metric space (X, M, *) converges to a point x in X if and only if lim M(xn,x,t) = 1. They also showed that (Z2, M, *) is not complete in n->00 the sense of [6] , where M(x, y, t) = -and d(x, y) = \x -y\. Recall t + d(x, y) that, (R, M, *) is called the standard fuzzy metric space. To make R (the set of all real numbers), a complete fuzzy metric space, they presented a new definition of a Cauchy sequence: a sequence {xn} in a fuzzy metric space is a Cauchy sequence, if and only if for each e > 0, and each t > 0 there exists no £ N with
M(xn, xm, t) > 1 -£
for all n, m > no-This is the definition we will use in this paper. The following is the special case of Lemma 1.14 in [12] . Then
for every x, y € X , A € (0,1), and n E N. whenever {xn} is a sequence in X such that lim fxn = lim gxn = z, for n-»00 n->0o some z € X. The mappings / and g from a fuzzy metric space (X, M, *) into itself are weakly compatible if they commute at their coincidence point, that is fx = gx implies that fgx = gfx.
It is known that a pair {/, g} of compatible maps is weakly compatible but converse is not true in general.
Common fixed point theorems
Let (/) : [0, 00) -> [0, 00) be an onto and strictly increasing function satis-00 fying J2 Pi*) < 00 for i > 0. We note that lim 4> n (t) = 0, for each t > 0, j=1 n-*oo <t>(0) = 0, and 4>(t) < t for t > 0.
The following result provides necessary and sufficient condition for the existence of common fixed point of three maps in a fuzzy metric space for any i-norm. 
Proof (a).
Suppose fz = z = gz, for some z in X. Define a mapping T by Tx = z, for all x in X. Obviously, T is a continuous mapping of X into fXHgX and T commutes with / and g and hence {/, T} is compatible and {g, T} is weakly compatible. Take, xo = z, and note EM(fxo,Txo) < oo. Further, for any t > 0, we have
M(Tx, Ty, <f>(t)) = M{z, z, <fi{t)) = 1 > M(fx, gy, t),
for all x,y € X. This proves the necessity of the condition. Now, conversely suppose we have a mapping T and a point .xo as described in the statement of Theorem 2.1. Define yo -fxo. Since TX C gX, we can choose a point x\ in X such that gx\ = Txo = y\. Also TX C fX gives a point X2 in X such that fx2 = Tx\ = y2-In general, having chosen the point X2n-2, we choose a point X2n~i such that <7x2«-1 = Tx2n-2 -2/2n-i> and a point x^n
which implies that,
Similarly,
From (2.2) and (2.3), we arrive at M(yn,yn+i,(f>(t)) > M(yn-Uyn,t).
Consequently, Thus E M {y n ,yn+1) < <j> n (EM(yo,yi))-From Lemma 1.5, for each ^ € (0,1), there exists A 6 (0,1) such that for m > n, we have
thus E M (y n ,y m ) < £ (jj(E M {yo, yi))-Since, £ Pi*) < oo for i > 0, we j=n j=1 have that {y n } is a Cauchy sequence in X. Now since X is complete there exists a point z in X such that lim y n = lim fx2n = lim gx2n-i = z. n-t oo n->oo n->00
Since T is continuous and the pair {/, T} is compatible, we obtain Tz = lim fTx 2n . Next we show that Tz = Now for any t > 0,
Let n -* oo to obtain
and so for any k £ {0,1,2,...} we have (2.4) M(Tz, <f> k+1 {t)) > M{Tz, z, t).
Since 4>(t) < t for t > 0 and M(x,y,t) is a nondecreasing function with respect to t, for all x, y €E X, we have for any t > 0 that (2.5) M{Tz,z,<j) k+l {t)) < M(Tz,z,t).
From (2.4) and (2.5), M(Tz, z, t) = C. Taking t -> oo, we obtain C = 1 and hence Tz = 2. Since TX C fX, there exists t € X such that ft = Tz. Next, we claim that Tt = 2. From (2.1),
Let n -> oo to obtain
we have M(Tt,z,t) = 1 for every t > 0, and hence, Tt = z = Tz = ft. Now {/,T} is compatible, Tt = ft implies that Tft = fTt and hence fz = z. As TX C gX, there exists a u E X such that Tz -gu. Now we show that Tu = z. From (2.1), for every t > 0, we have
Thus Tu = Tz. Since {T,g} is weakly compatible, Tu = gu implies that gTu = Tgu, and hence gz = gTu = Tgu = Tz = z, thus z is a common fixed point of /, g and T which establishes the sufficiency of the condition. Next, suppose that u\ and U2 are two common fixed points of /, g and T. Now, for any k G {0,1,2,... }, and t > 0 we have
Thus,
On the other hand we know for any t > 0 that we have, 
t).
Thus T satisfies the conditions of Cor. 2.2 and hence f,g and T have a unique common fixed point.
COROLLARY 2.4. Let f be a map from a fuzzy metric space (X, M, *) into itself.
(a) Suppose (1.
2) holds. Then f has a fixed point in X if and only if there exists a continuous mapping g : X -> fX which commutes with /, a point xo in X such that EM(fxo,gxo)
= sup{£ i a,m(/®o,5^o) : A G (0,1)} < oo, and g satisfies
M(gx,gy,<P(t))>M(fxJy,t), for all x, y G X, and t > 0. Indeed, f and g have a unique common fixed point. (b) Suppose (1.3) holds. Then f has a fixed point in X if and only if there exists a continuous mapping g : X -> fX which commutes with /, and g satisfies M(gx,gy,4>(t)) > M(fx,fy,t),
for all x, y G X, and t > 0. Indeed, f and g have a unique common fixed point. 
M(fgx, fx, t) > M(gfx, gx, t).
Obviously any weakly compatible pair {/, g} is weakly /-biased and weakly g-biased. The following is the example of a pair of a maps {/, g} which is weakly /-biased but not weakly ^-biased. Also the pair {/, g} is not weakly compatible. 
) holds. Then f has a fixed point in X if and only if there exists a continuous mapping g : X -> fX, g(X) is complete in X, the pair {f,g} is weakly f-biased, and M(gx,gy,<fr(t)) > M(fx,fy,t)
, for all x, y G X, and t > 0. Indeed, f and g have a unique common fixed point.
Proof (a). Suppose fz = z for some 2 in X. Define a mapping g of X into itself by gx = z for all x in X. Obviously, g is a continuous mapping of X into fX and M(fgx, fx,t) = M(gfx,gx,t) for every t > 0 whenever fx = gx for some x in X. Further, for any t > 0, we have
M(gx, gy, <f>(t)) = M(z, z, <j>(t)) = 1 > M(fx, fy, t),
for all x, y G X. Take, XQ = z, then obviously, EM(fxo, gxo) < oo. This proves the necessity of the condition. Now, conversely suppose that we have a mapping g and a point xo as described in the statement of Theorem 2.9. Define yo = fxo-Since gX C fX, we can choose a point x\ in X such that fxi = gxo = y\. In general having chosen the point x n _i, we choose a point x n such that fx n = gx n -\ = y n . From (2.6), we obtain
> ••• > M(fx 0 ,fxi,t) = M(y 0 ,y u t).
Now for each A e (0,1),
Thus E\ tM {yn,y n +i) < 4> n (E M (2/0,2/1)) for each A G (0,1), and so < £ for k E N. Thus {yn} is a Cauchy sequence in X. Now since gX is complete, there exists a point 2 in gX such that lim yn = lim fxn = z. Since z G gX, we obtain a point u in X such that n->00 n-* 00
fu~z.
Moreover,
Hence gx n -> gu, which implies that fu = gu. Now, we claim that gu = u\ (say) is a fixed point of g. Since the pair {/, g} is weakly /-biased, therefore for any A; G {0,1, 2,... } and t > 0, we obtain Hence M(fu\,ui,t) = C. Taking i -> oo we obtain C = 1, and tii is a fixed point of /. Thus u\ is a common fixed point of / and g, and this establishes the sufficiency of the condition. Now, if we suppose that u 2 is another common fixed point of / and g, then for any k € {0,1, 2,... }, and i > 0 we have
Thus, for any A; € {0,1,2,... } and t > 0 we have
t).
On the other hand we know for any t > 0 that we have, for all x,y G X, and t > 0. Indeed, f and g have a unique common fixed point. 
